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Exercise 10

In Exercises 6 through 11, use the formal method, involving an infinite series of residues and
illustrated in Examples 2 and 3 in Sec. 89, to find the function f(¢) that corresponds to the given
function F(s).
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Solution

The inverse Laplace transform of the given function for F'(s) is defined by the Bromwich integral,
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where v is a real constant chosen such that all singularities of the integrand lie to the left of the
infinite vertical line (v — ic0,y + i00) in the complex plane. They occur where the denominator is
equal to zero.
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Figure 1: This is the complex plane with the singularities of the integrand marked as well as the
vertical line (v — @00,y 4 i00).
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The integral is evaluated by considering a closed loop integral in the complex plane containing
this vertical line and then applying the Cauchy residue theorem to get an equation, allowing us to
solve for it. Let the vertical line loop around to the bottom by a semicircular arc to the left as
illustrated in Figure 2 so that the integral is positively oriented.

Ims

Res

Figure 2: This is the closed loop that will be considered to calculate the inverse Laplace transform.

Now that the integration path is closed, the Cauchy residue theorem can be applied, which states
that the integral over this path is equal to 27¢ times the sum of the residues inside the loop.
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Expand the left side.
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In the limit as R — oo all the singularities become enclosed, making the series on the right side
infinite. Also, the integral over C'r tends to zero. Proof for this statement will be given at the end.
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The residues at s = s,, and s = s,, are calculated by

gsinhs —s  p(sy)

s=sn  s?sinhs  ¢'(sp)
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where

p(s) = e*(sinh s — s)
q(s) = s’sinhs  — ¢/(s) = 2ssinhs + s cosh s.

The 2ssinh s term vanishes upon substituting s, or s,. We have

p(Sn) _ ginmt sinhinm —inw_ jqisinnm —inw g —inm (_1)nei"”t
q (sn) (inm)? coshinm (inm)? cos nw (inm)2(=1)" inm
p(_’ﬂ) _ —inmt sinh(—imr) — (_inﬂ-) _ e—inwt —isinnm 4 inw — e~ inmt inm _ <_1)ne—in7rt
q (sn) (—inm)? cosh(—inm) (inm)? cos nw (inm)2(—1)" inm '
Consequently,
Res 6st51nh8 -3 - _ (_1)71 inmt
s=s,  s2sinhs inm
Res estSinhS — S _ (_1>ne—in7rt‘
s=s, s’sinhs nT

The residue at s = 0 cannot be calculated in the same way because p(0) = 0. The series
expansion of the integrand about s = 0 has to be considered instead, and the residue will be the
coefficient of 1/s.
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There is no term with 1/s in the expansion about s = 0, so we conclude that

Res ¢! sinhs — s

- =0.
s=0 s2sinh s

As a result,

—100

yHice sinhs — s &
e ——— ds = 2m1 Z
~y s sinh s

= 2mi i (_1)n (—2isinnmt)
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Divide both sides by 2mi.

; o
1 [t L sinhs — 54 1)ntt ,
— et E —sinnw
y—ioo ‘s2sinhs —

Therefore, the inverse Laplace transform of F(s) is

2 oo 1 n+1

— E ———— sin nmt.
s
n=1
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The Integral Over Cg

The objective here is to show that

osinhs — s

ds.

lim -
R—oo Jo,  s?sinhs

Start by writing hyperbolic sine in terms of exponential functions.

s

sinhs — s e 5
/ et ——— ds-/ e“# ds
Ch s sinh s Cr sre=r—
e*—e % —2s
= / eSt—2 ds
cp  S(ef—e™?)
2s s
e’’’ —2se® —1
= / eSt—2 5 ds
cp  SHe*—1)
The parameterization of the semicircular arc with radius R in Figure 2 is s = Re'”, where 6 goes
from 7/2 to 37 /2.

0 ) 0
37/2 Reifs 62Re’ _ 2R620€Re’ -1 0
= e N2 2Ra0 (Rie" df)
w/2 (RCZ ) (6 € — 1)
3m/2 2R(cos 0+isin 10 , R(cos 6+ sin 0
_ / R(cos 6+isin 0)t € ( ) — 2Re"e ( ) — L
= e 2 Tlccs B iond (idh)
/2 Ret [6 (cosO+isinf) _ 1]
3m/2 2R cosf ,2iRsin 0 0 ,Rcosf ,iRsin 6
_ / Rtcos6 iRtsind® € — 2Re"e € -1 .
- € € 0] p2R cos 0 ,2iRsin 0 (¢d)
x/2 Re? [6 cosfp2tRsing _ 1]
Now consider the integral’s magnitude.
: 3mw/2 2R cos0 ,2iRsin 6 10 ,Rcosf iR sin 6
st sinh s — s _ / Rtcos® iRtsing® € — 2Re"e € -1
e ————ds| = e e T Toos B BiRend (idf)
cp  s?sinhs /2 RetW[e2lcosOp2ilising _ 1]
3w/2 2R cosf ,2iRsin 6 10 ,Rcosf iR sin 6
/ Rtcosf iRtsing € € —2Re"e € -1
< € € 0[p2R cos 0 ,2iRsim 0 (2)| db
/2 Ret [e costp2itRsin® __ 1]
‘eQRcos 9€2iRsin6 _ ZReiGGRcos 9€iRsin9 _

eiRt sin 6

| li| do

3m/2
_ / ‘ethosﬁ‘
w/2

‘Rew [62Rcos 962iRsin0 _ 1”

3r/2 ‘BQRCOSGGQiRSiDG o 2R6i06Rc0596iRsin9 . 1’
_ ethos@ A6
/2 R |62Rc050621Rsm9 _ 1|
- /37r/2 Rt cos ‘62Rc05062iRsin0| 4 ‘2R€i9€Rcos96iRsin9‘ 4 |1‘ do
e - n —_—
— 2 2
©/2 ’6 RcosGe stmG’ _ |1‘ R

B 3r/2 thos0€2Rc059+2ReRcos0+1 do
- /2 € e2Rcos0 _ q E

So we have

_ 3m/2 RtCO8962R60s6+2R6R0059+1 de
— /2 € e2Rcost _ q E

sinhs — s
GStQ.i dS
cp,  s°sinhs
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Take the limit of both sides now as R — oo.

sinhs — s
68t2,7 dS
Ch s4sinh s

Because the limits of integration are constant, the limit may be brought inside the integral.

BTF/QeRtCOSQ€2RCOSQ+2R6RCOS9+1 ﬁ

= lim e2Rcos€ -1 R

R—o0 7[./2

lim
R—o0

lim
R—o0

/ estSinhS — 3 ds' - /3#/2 Rt005962R0059 + 2R6Rcos€ +1 i@
C T

lim e
/2 R—o0 €2RC036 -1 R

s2sinh s

Since 6 is between 7/2 and 37/2, the cosine of 6 is negative. In addition, R and ¢ are positive, so
all the exponential functions tend to zero, which means the integral tends to zero.

sinhs — s
lim S " ds| <0
R—00 /CR s?sinh s -
The magnitude of a number cannot be negative.
sinhs — s
lim S "ds| =0
R—00 /CR s2sinh s

The only number that has a magnitude of zero is zero. Therefore,

. sinhs — s
lim 6St2_7 ds = 0.
R—oo Jo,  s°sinhs
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